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The time-dependent nonlinear Boltzmann equation, which describes the time evolution of a single-
particle distribution in a dilute gas of particles interacting only through binary collisions, is considered
for spatially homogeneous and inhomogeneous media without external force and energy source. The
nonlinear Boltzmann equation is converted to a nonlinear partial differential equation for the gener-
ating function of the moments of the distribution function. The variational-iteration method derived
by He is used to solve the nonlinear differential equation of the generating function. The moments
for both homogeneous and inhomogeneous media are calculated and represented graphically as func-
tions of space and time. The distribution function is calculated from its moments using the cosine
Fourier transformation. The distribution functions for the homogeneous and inhomogeneous media
are represented graphically as functions of position and time.
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1. Introduction

More than a century ago, Boltzmann derived the
original transport equation to describe the time evolu-
tion of a one-particle distribution function in a dilute
gas of particles interacting only through binary colli-
sions [1,2]. The transport theory has become an im-
portant topic in physics and engineering, since particle
transport processes arise in a wide variety of physical
phenomena.

Because of the complex structure of the collision
term, this integro-differential equation resists a strong
solution in general. The exact solutions of the non-
linear Boltzmann equation have been found only for
special model cases. The most important stimulus un-
doubtedly came from the discovery of an exact so-
lution of the nonlinear Boltzmann equation by using
the similarity method for Maxwell molecules, found
independently by Bobylev [3] and by Krook and Wu
[4] BKW model). The possible conjecture of Krook
and Wu was that a significant class of initial distri-
butions may relax rapidly to the BKW model, which
then evolves essentially unchanged to the final equilib-
rium. Many authors have presented numerical [5] and
analytical [6—10] evidence against the validity of this
conjecture. Another important development was the
Laguerre series solution of the nonlinear Boltzmann

equation for Maxwell molecules and the Maxwell-
type model in general [11]. Convergence properties
for this model were first established by Barnsly and
Cornille [6, 12]. Nonnenmacher found the exact sim-
ilarity solutions of the nonlinear Boltzmann equation
in a homogeneous medium [13, 14]. For arbitrary ini-
tial conditions, Ernst and Hendriks [15, 16] obtained
a solution applying the Laplace transformation. Also
Schiirrer and Schaler [17] obtained the exact solution
of the Boltzmann equation (linear and nonlinear) in the
very hard particles (VHP) model with removal interac-
tion for arbitrary initial distributions. Koller et al. and
Schiirrer [18,19] found an approximate solution for
the scalar nonlinear Boltzmann equation in its multi-
group representation. El-Wakil et al. [20] found an
exact analytical solution for the spatially inhomoge-
neous Boltzmann equation by resorting to the Nikol-
skii method [21].

There are many different methods to solve the non-
linear Boltzmann equation. In this paper, we will solve
this equation using the variational-iteration method
(VIM) [22-31].

The VIM is a semi-analytical method using a gen-
eral Lagrange multiplier, which can be determined op-
timally by the variational theory [32]. This method
was first proposed by He [22 —25]. It has been used to
solve effectively, easily and accurately a large class of
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nonlinear problems. The approximate solutions by the
VIM converge rapidly to accurate solutions [26—31].

In this paper, the problem of particle transport in
a host medium without external forces and energy
sources in view of the two cases of homogeneous and
inhomogeneous media is considered and solved using
the VIM. The calculations of the solutions are carried
out for space and time and represented graphically. The
skeleton of the paper is as follows: Section 2 contains
the description of the VIM. The formulation of the
problem is given in Section 3. In Section 4, the solu-
tion of the nonlinear differential equations of the prob-
lem using the VIM is given. We present our numerical
calculations and results in Section 5. The conclusion of
this paper is given in Section 6.

2. The Variational-Iteration Method

The VIM is a modified general Lagrange multiplier
method [32,33]. The main feature of the method is
that the solution of a mathematical problem with lin-
ear assumption is used as initial approximation or trial
function. Then a more precise approximation at some
special point can be obtained. This approximation con-
verges rapidly to an accurate solution and is described
as follows.

Consider the general nonlinear equation
LU (x) +NU (x) = g(x), (D

where L is the linear operator part while & is the non-
linear operator part and assume that Up(x) is the solu-
tion of the linear homogeneous equation

Lup(x) =0. 2)

He [22 -25] has modified this method into an iteration
method to correct the value of some special point (x)
as follows:

Unii ) =Ua(@) + [ W2 OIELG)
0

+NO.() ~g()], n>0,

where A(y) is a general Lagrange’s multiplier, which
can be identified optimally via the variational theory
[22,23], the subscript n denotes the n-th order approxi-
mation and U, (x) is considered as a restricted variation
function, i.e. §U,(x) = 0.
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The above technique will be used to solve the non-
linear Boltzmann equation for single-particle distribu-
tion in a dilute gas in a homogeneous and an inhomo-
geneous medium with different boundary conditions.

3. Formulation of the Problem

The time evolution of a one-particle distribution in a
gas of particles interacting through binary collisions is
described by the nonlinear Boltzmann equation [2, 4]

d 1
E +KZr+ I’f_’lEZV f(KvE»t) :C(fvf)—’_Q(E»t)v

“)

where f(r,v,t) is the single-particle velocity distribu-
tion function, F some external force, Q(v,#) a source
term and C(f, f) the nonlinear collision term that can
be represented in the form [2, 4]

C(f.f)= [ dw [ aQel(e,0)[(r.r.0)f(r 1)
—f(r,v.0)f(r,w,1)|,

where v and w are the initial velocities, v/ and w’ are
the final velocities and g = [v — w| is the relative veloc-
ity. In the binary collision process, the initial and final
velocities are related by the following dynamics:

)

1 N
V=3 [t w) + - wlQ]
and ) (6)
W= [t w) - [p-wQ,],
VA
where Q = M is the direction of the scat-
V=

tering in the relative coordinate frame. Here, dQ =
sin(0)d6 ¢, 6 € [0,7] is the scattering angle, ¢ €
[0,27] is the azimuthal angle, which determines the
orientation of the plane of scattering and I(g, 0) is the
differential scattering cross-section.

For Maxwell molecules and isotropic scattering, the
differential scattering cross-section has, in the centre
of mass system, the form [13, 14]

81(g,0) = co, (7a)

where c¢( is a constant. Therefore, the collision term
C(f,f), in d-dimensions, can be rewritten as

C(f»f) = _z(zn)(dfl)/ZCO I:MO(rat)f(rath)

(7b)
_/dw(zav_/vt)f(lamlvt)}a
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where My(r,t) is the zero-order moment of the distribu-
tion function, which is the particle number density of
the system [n(r,¢)]. The n-th order normalized moment
M, (r,t) in d-dimensions can be defined by

r(d/2)

Murt) = S s a2)

/ dw?" f(rv,1), (8)

where I'(X) is the gamma function of argument (x) and
d=1or3.

The distribution function f(r,v,f) can be calculated
using the moments M,,(r,t) by assuming

P(ry,1) =v"" f(ry.1), (9a)
that has the cosine Fourier transformation as

D(r,p,t) = Z/dgcos(pv)cb(r,g,t). (9b)
The inverse Fourier transformation is given by

D(r,v,1) /dpcos (pv)@(r,p,1). (9¢)

Using the series expansion of the cosine function in the
Fourier transformation (9b) with the definitions (9a)
and (8) and some manipulations leads to

] 1§ 2/2)"
D(r,p,t) = W’;(—l)”% (10)
[(d = Dn+ 1M, (),

where the vector velocity element of integration in the
isotropic scattering d-dimensions medium is given by
dy =2(2mv?)@=1/2 gy,

The inverse Fourier transformation of (10) repre-
sents the distribution function f(r,v,¢) in the form

f(rvie) = : 1 /dPCOS(PV)

em)@2 T )
’ y (L p_2 ' —1)n T,
L <2> [(d— 1)+ 1]My(r1).

In this paper, we will introduce the cases of
single-particle distribution in a dilute gas in spa-
tially homogeneous and inhomogeneous media with-
out external forces and energy sources, i.e. F =0
and Q0 = 0.

(11)
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3.1. Spatially Homogeneous Medium

The nonlinear Boltzmann equation with no external
force and no energy source in a spatially homogeneous
medium, i.e. V., f(r,v,7) =0, becomes

0
A1) = C(f.f). (120
Substituting (7b) into (12a) for space-independent

functions yields

Bif(z’t) +4meoMy(2) f(v,t)
t (12b)

= 47[;00/dmf(v/,t)f(ml7t)~

Multiplying this equation by (v-v)" = v?" and normal-
izing the integral leads to a nonlinear equation for the
energy moments [4, 13] of the form

M (1) + d7coMo (1) (1)

4rco !
- My ()M (2).
it L MM ()

(13a)

Putting the dimensionless time T =47mcytr — ¢, one gets

%Mn(t) + My(t)M, (1)
(13b)

nm)

n—|—1 ZM’"

Introducing now the Krook and Wu [4] generating
function for the moments as

=Y oM, (1)
n=0

multiplying (13b) by ®" and subsequent summation
over all n leads to [13]

(14)

EG(co,t)JrMo(t)G(oo t)

2(
5 /da)G o',1). (15a)

Multiplying this equation through @ and differentiat-
ing with respect to @ leads to

2

_ 2
FYPN =G (w,1).

(15b)

[0G(w,1)] JrMo(t)i

e [0G(w,1))
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Introducing the transformations

=" (16a)
and

u(n,t) = 0G(w,1), (16b)
where

0 B , 0

an 0] 3% (16¢)

and substituting these transformations into (15b) yields

o J
sran (M) +Mo(0) 5u(n,0) +(1,0) =0. (17a)

From (13b) one obtains My(r) = constant = 1. There-
fore, the above equation can be rewritten as

p) 32

an (17b)

(n 1) +u*(n,1)=0.
This is a nonlinear differential equation, which can be
solved to give the generating function of the moments
of the distribution function. This generating function
can be expanded to give the moments. The moments
can be used to calculate the distribution function of the
nonlinear Boltzmann equation (12).

3.2. Spatially Inhomogeneous Medium

The one-dimensional nonlinear Boltzmann equation
with no external force and no internal energy source for
a spatially inhomogeneous medium has the form

0 d
|:§+va:| f(.x,V,t):C(f,f), (18a)
where the collision term C(f, f) is defined by (7b) re-
placing r by x.
Substituting (7b) into (18a) yields the nonlinear
Boltzmann equation

% vi+2coMo(x,t)} Flx,mt) :2co/dwf(x,v',t).

+ ox
(18b)

Multiplying this equation by v*" times the normaliza-
tion factor and integrating over v € [0,c0) leads to a
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nonlinear equation for the moments M, (x,¢) as

d

gMn(X,t) —+

d
aMnH/z(x,t) + 2coMp(x,1)M,, (x,t)

n

200
= Z M,
(n + 1) m=0

where the moments M, (x,¢) are defined by (8).

Putting the dimensionless quantities T = 2cot — ¢
and & = 2cgx — x, one gets the dimensionless moment
equation

9
ot

(X, )My (x,1), (192)

0
=M,y 12 (x,1) + Mo(x,t) My, (x,1)

M”l('x’t) + ax

1 n
=— Y M,(x,t)M,;_p,(x,1). 19b
(”"l‘l)mgo n(x ) nm(x ) ( )
Multiplying this equation by @” and subsequent sum-
mation over all n gives

= =

n9 n9
n;)@ 5 Mn(x f)+r§,0w EMn-&-l/Z(xat)

+ Z "My (x,t)My(x,1)
n=0

“Lor

Introducing the Krook-Wu [4] generating function for
the moments defined by (14) leads to the nonlinear
integro-differential equation

(20)

et ZM (0,1 )My (x,1).

0 0
EG((D,);I) + aG(w,x,t) + Mo(x,t)G(w,x,1)

. (21a)
= B/da)’Gz(w’,x,t).

Multiplying this equation by @ and differentiation with
respect to @ leads to

0 0’

— 0G|+ [0G]

dadr dwdx 21b)
+MMﬁ%MQ:§mmw

Substituting the transformations given by (16) into the
last equation yields

o’ R

S u(n,x.1)+ u(1,x,1)

anor : Inox 2
+M0(xvt)_u(nvx»t)+u2(n»xvt):0'

an
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For this system, the zero-order moment My(x,t) =
constant = 1, which is just the total number of parti-
cles conservation law, this equation can be rewritten as

0 0’

_u(naxvt) (77 X t)

an ) 8 ot (22b)
8 e u(n,x,t) +u*(n,x,1) = 0.

This equation is a nonlinear differential equation that
describes the generating function of the moments of
the nonlinear Boltzmann equation (18).

Equations (17) and (22) will be solved using the
VIM [22-31] to give the generating function of the
distribution function moments that can be used to cal-
culate the moments and then the distribution function
of a single particle in a dilute gas.

4. Solution of the Problem

The nonlinear differential equations (17) and (22),
which describe the generating functions of the mo-
ments of the nonlinear Boltzmann equation solution,
will be solved using the VIM [22 —-31]. The two cases
of distribution in homogeneous and inhomogeneous
media will be considered.

4.1. The Homogeneous Medium

The correction functional for (17) can be written as
[22-25]

n
w1 (0.0) = (.0) + [ an'an)
0

0 - 0
o' an'ae

(23)
—— i, +i(n’ t)] n>0,

with the zero-order approximation ug(1,#) given by
the condition u(0,¢) as

MO(TN) = ”(Ovt)v

where A(n’) is the Lagrange multiplier that is identi-
fied by taking the variation of (23), and i, (7,t) is con-
sidered as a restricted variation, i.e. 0ii, = 0. There-
fore, the variation of (23) gives

5“n(’7»f)

n
J
+6/wamv§7wmc»
0

(24)

6un+1(n»t) =
(25a)
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As the correction functional is
Ou,(0,1) =0,

stationary and

Sun(1,1) +A(M")Sun(n',1) |5 —n

n

25b
/dn’—aun =0 B
0

This equation yields the following stationary condi-
tions:

1+A ‘n/:n =0 (26a)
and

dA

@ — (26b)

Solving this system, the Lagrange multiplier can be
identified by

A(n)=-1. (26¢)
The iteration formula (23) becomes
Un1(M,1) = un(1,1)
n 2
0 0
_ 2 27
O/dn la an/a ——u, +u2(n',1)|, 27

Beginning with the constant boundary condition

uo(n,) = u(0,) = ¢

and using this zero-order approximation in the correc-
tional-iteration formula (27) leads to the first-order ap-
proximation in the form

(28a)

up(n,1) =c—cn. (28b)
This leads to the second-order approximation
uy(n,t) =c—c*n+cn?—c*nd/a. (28¢)
Also, the third-order approximation is given as
2 3.2 4.3 5.4
us(n,t)=c—cn+c —cn’+(2/3)c
3(n,1) n+en”—cn (/)n(28d)

3 /3+cnb/9—cBn’/63.
By the same way one can obtain the n-th order approx-
imation as

(28e)

() =c—cn+n? =P +ntr L



136
As n tends to infinity, this formula leads to

u(n,) = lim u,(n,1) = (29)

c
(I+en)’
which is the solution of (17) in a closed form. Substi-
tuting (16) into this solution gives the generating func-
tion

¢
[0(1—c)+c]

Substituting into (14) gives the different moments

Glo,t) = (30)

€2y

From this equation, one gets the zero-order moment
My(t) = 1, which yields the total particles number and

1
M (t) = constant = (1 — —), which represents the total
c

energy flux of the system. These two moments repre-
sent the conservation of both the total particle number
and the total energy for a single particle in a dilute gas
of Maxwell particles and isotropic scattering homoge-
neous medium [2,4, 13, 14].

The distribution function, f(v,¢) of a single parti-
cle in a dilute gas in a 3-dimensional homogeneous
medium is given by substituting (31) into (11) as fol-
lows:

-
f2.0) = 5255 [ dpeosipy)

5 () e (-1

After some manipulations this formula leads to the dis-
tribution function

1\ V2
fly,t) = (ﬁ) exp (-g) ;

where K =

(32a)

(32b)
(¢—1)/cand c is an arbitrary constant.

4.2. The Inhomogeneous Medium

The correctional-iteration equation for (22) can be
written as [22—25]

n
1 (0,50) = (0. 50) + [ 2.

0
P 92 i ? (33)
ot aar ™ aprax A" >0

n>0,
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with zero-order approximation

”O(nvx»t) :M(O,X,I), (34

where A(n’) is a Lagrange’s multiplier that is identi-
fied by taking the variational of (33). Here ii,(n,x,17) is
considered as a restricted variation, i.e. 8i, = 0. The
variation of (33) is given by

6”"+1 (nvx»t) = 5”n(777)€»f)

n
0 35a
+5 /dn’)L )% (' 1), O
on
0
Therefore, as the correction functional is stationary and

Ouy(0,x,7) = 0, one has

5un(n xt)+A(n ’)5un(n’,x,t)\n/=n

35b
/dn —514,1 (n',x,t) =0, (35b)
which leads to the stationary conditions
1+2(M")|g=n =0 (36a)
and
da
- = 36b
an (36b)

Solving this system, the Lagrange multiplier can be
identified by

A(m)=—1.

Therefore, the correctional-iteration formula (33) be-
comes

(36¢)

n
Mn+1(77»xaf) :un(nvxvt)_/dn/

0
| =—u, +
au’u"

n>0.

> 32 <37>

Beginning with the condition

u(0,x,7) = exp(x—1),

the zero-order approximation is given by

(38)

uo(n,x,t) =exp(x—1). (39a)
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Using this zero-order approximation in the correction-
al-iteration formula (37), the first-order approximation
is given in the form

up(n,x,t) =exp(x—t) —nexp[2(x—1r)]. (39b)

Using the first approximation of (37), the second ap-
proximation is given as

MZ(H»XJ) = e(x_t) — ne[Z(X—Z‘)] + nzeB(x—t)]

_ n3e[4(x7t)]/3_ (39¢)
The third approximation is given as
“3(77,XJ) = C(xit) — nez(xft) + n263(x7t)
— 3 4(xft) 4 5(x7[)
€ +(2/3 e
775 6 e/ 6)73 (39d)
— 1350 /3 4 070 /g

_ n768(x7t)/63.

In the same way, one can obtain the n-th order approx-
imation as

un(1,%,1) = exp(x — 1) — nexp[2(x —1)]

39
+n2exp3(x—1)] F.... (39%¢)

As n tends to infinity, this leads to the solution of (22)
using the VIM in the closed form:

u(n,1) = lim y(n,5,1) = - exp(x —1)

e

Substituting (16) into this equation leads to the gener-
ating function of the moments

exp(x—1)
[+ (1 —o)exp(x—1)]

G(o,x,1) = 41)

Substituting into (14), the different moments M, (x,¢)
of the one-particle distribution function in an inhomo-
geneous medium is given in the form

My(x,t) = {1 —exp[—(x—1)]}".

The total particles number My (x,) and the total energy
flux M (x,t) of the system have the forms

(42)

Moy(x,t) =1 (43a)

and

M (x,t) = {1 —exp[—(x—1)]}. (43b)
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These relations show that the total particles number is
conservative while the total energy is not conservative
for single-particle distribution in an inhomogeneous
medium of a dilute Maxwell gas.

The distribution function f(x,v,) of a single parti-
cle in an inhomogeneous medium of a dilute Maxwell
gas is given by substituting (42) into (11) and using
some mathematical manipulations as

1 1/2 V2
f(xvvvt) = |:27TK(X,[):| €Xp |:_ ZK(x,t)} ) (44)

where K (x,t) = 1 —exp[—(x —1)].

5. Results and Discussion

The nonlinear Boltzmann equation has become an
important topic in physics and engineering, since par-
ticle transport processes arise in a wide variety of phys-
ical phenomena. In this paper, the nonlinear Boltz-
mann equation converts to a nonlinear partial differ-
ential equation that is solved using He’s variational-
iteration method. The nonlinear Boltzmann equation
is solved for no external force, F = 0, and no energy
source, Q = 0, in the two cases of homogeneous and
inhomogeneous media.

In the case of a spatially homogeneous medium, us-
ing constant boundary conditions, all the energy mo-
ments are constants for space and time. This verifies
the conservation of both the number of particles den-
sity n(t) = Mp and the energy density E(¢) = M of the
system. The distribution function f(v,¢) is given as a
function of the velocity only and does not depend on

0.1
0.08

0.06{

fv,t)

0.04

0.02 1

0.5 1 1.5 2 2.5 3

Fig. 1. The distribution function of a single particle in a di-
lute gas in a homogeneous medium for the values: — ¢ = 4;
-+ ¢=10; ---- ¢ = 50; ------ ¢ = 100.
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Fig. 2. The total energy density E(x,7) of a single particle in
a dilute gas as a function of the space (x) and time () in an
inhomogeneous medium: (a) E (x,t) against x at different val-

uesof t: —t=0;--- t =15t =25 —-eme- t=3.(b) E(x,1)
against ¢ at different values of xt: —x=0; --- x=1; ----
X =2; —-eme- x = 3. (c) 3-dimensional plot of E(x,t) against

position (x) and time (¢).

the space and time. The distribution function f(v,t) is
drawn as a function of the velocity (v) for different val-
ues of the constant (c) in Figure 1.
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(b)

4 50

Fig. 3. The distribution function f(x,v,t) of a single particle
in a dilute gas in an inhomogeneous medium at the velocities:
(@)v=0.1;(b)v=0.5;(c)v=1.

In a spatially inhomogeneous medium, using the ex-
ponential function of space and time, exp(x — ), the
zero moment equals to unity and the values of the first
and other moments depend on time and position. This
verifies the conservation law of the number of parti-
cles density of this system while the energy density of
this system is not conserved. Figure 2a shows the rela-
tion between the energy density E(x,¢) and the position
and time as a 3-dimensional graph. Figure 2b shows
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the energy density as a function of time (¢) at different
position values (x = 0, 1, 2 and 3). The results show
that the energy density of the system decays with time.
The relation between E (x,t) and position (x) at differ-
ent values of time (r =0, 1, 2 and 3) is presented in
Figure 2c. The energy density of the system increases
with the position until its value reaches unity. The dis-
tribution function f(x,v,r) is represented as a function
of the position (x) and time (¢) at different velocities.
The distribution function at the velocities v = 0.1, 0.5
and 1 are given in Figs. 3a, b and c, respectively.

6. Conclusion

The nonlinear integro-differential Boltzmann equa-
tion can be transformed into a nonlinear differential
equation for the generating function of the energy mo-
ments of the distribution function. The resulting non-
linear differential equation is solved using the asymp-
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